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Quasi maximum likelihood MIMO blind deconvolution: and estimation of theinmixing matrixW is usually referred to as
super- and sub-Gaussianity vs. consistency blind source separation (BSS). In the case of single-channel (SISO)
case, where no cross-talk is present, (1) reduces to
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A consistent estimator can be obtained by maximizitig; w)
Abstract—In this note we consider the problem of MIMO quasi even wheny;(s) are not exactly equal te-logp; (s). Such QML
maximum likelihood (QML) blind deconvolution. We examine two estimation has been shown to be practical in instantaneous blind

classes of estimators, which are commonly believed to be suitable for o .o separation [4]-[7] and blind deconvolution [2], [8], [9] when
super- and sub-Gaussian sources. We state the consistency conditions

and demonstrate a distribution, for which the studied estimators are the source PDF .is unknown or not WelI'SUited for optimization.
unsuitable, in the sense that they are asymptotically unstable. Generally,¢(z; w) is maximized by gradient-based methods, hence,

Index Terms—MIMO, blind deconvolution, blind source separation, the ma'n concern 1S .the choice of(s).
quasi maximum likelihood, consistency, super-Gaussian, sub-Gaussian, It is commonly believed, that the knowledge of whether the source

kurtosis. is super- or sub-Gaussian (i.e., such thatkiistosis excesslefined
by
I. INTRODUCTION Es* 5
K = —
We consider the problem of MIMO blind deconvolution, in E?s2
which the observed vector-valued sensor time sigmél) = s either positive or negative, respectively) is sufficient in order to

(z1(t),...,zn(t))" is created from the vector-valuesburce signal construct a consistent QML estimator. This belief leads to attributing
s(t) = (si(t),...,sn(t))” passing through a convolutive mixing¢’(s) either to the class of functions suitable for estimation of super-

system defined by th&/ x N matrix of impulse responses;(t), Gaussian sources, and not suitable for estimation of the sub-Gaussian
N N oo ones, or vice versa. For example, it is usually assumed (see e.g. [1],
zi(t) = Z (asj * s5) (t) = Z Z aij (1) si(t — 7). [2], [10], [11]) that the choice of the smoothed sign function, e.g.,
j=1 j=17=—00 ©'(s) = tanh(B3s), (4)

The setup is termedblind when only = is accessible, whereas no
knowledge ona and s is available. The problem of blind deconvo-
lution aims to find such a deconvolution (or restoration) keengi,
that produces a possibly delayed, scaled and permuted, waveform- ©'(s) = |s|"sign(s) (5)
preserving estimate of.

for 5 > 1, leads to a QML estimator suitable for super-Gaussian
sources. Another example is the family of functions

with the parametep, > 1, which is believed to be suitable for sub-
Gaussian sources.

In this note, we state the conditions, under which a QML estimator
is consistent, and show that generally there is no connection between
where ¢; are scaling factorsy; is a permutation, andA; are the sign of kurtosis excess and consistency. We study the estimators
integer shifts. A commonly used assumption is that sources are NgRained from (4), (5), for sources obeying the generalized Cauchy

Gaussian. _ _ ) distribution.
Let us denote by¥ (0) the matrix of the discrete Fourier trans-

forms of w;;(t), and assume thadet W (¢) has no zeros on the II. CONSISTENCY CONDITIONS

unit circle, and the source signals are pairwise independent, real angOr a general choice af!(s)'s, the corresponding QML estimator

i.i.d..Ne.gIecting edge effects and assum.ing no noise, the nOI'mali%gd(asymptotically) consistent if the following conditions hold [12]:
log-likelihood function of the observed signalis [1]-[3] there exist a set of positive scaling factessobeying

L(z;w) =

Git) = Y (wijxay) (8) e sm (8 — D),

j=1

/ p—
L L~ Epi(cisi)cisi = 1 (6)
o ./ﬂ log |det W (6)] df — = Z > i ((wy xx)(t), (1) and
i,j=1 t=0 1/
here T is th e si s (5) 1 (s), wh (s) Ep;(si) > 0 (7
whereT is the sample size, and;(s) = — log p; (s), wherep;(s N B 2B 2
is the probability density function (PDF) of theth source. i (s:)Ew; (SJ),F(C“%) E(C;SJ) > 1 (8)
In the case of instantaneous (delay-less) mixture case, the normal- Egi(cisi)(cisi)”+1 > 0, ©)
ized log-likelihood function (1) becomes for 4,5 = 1,...,N. These conditions are valid when the expected
N values Ev”'(s), Ep”(s)s?, E¢'(s), and Es® exist and are bounded.
(s w) =log|det W| — > @i (wiyas) , (2) Similar consistency conditions exist in the particular cases of instan-
i,j=1 taneous blind source separation [13], [14] and SISO blind deconvolu-
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fact that pf(s) > 0. Demanding convexity ofp;(s) is not very 95

restrictive, since maximization of(z;w) with non-convexy;(s)’s
is usually impractical. The essential set of conditions for consistency, |
of the QML estimator can be therefore divided into #iegle-channel
terms

03
E2Lp;'(si)E2(cisi)2 > 1 (10)

and thecross-talkterms 02
E(p;/(si)E@;/(Sj)E(CiSi)ZE(Cij)Z > 1, (11)

01

wherei = 1, ..., N andj # i. The former are required for consistent
estimation ofw;;, whereas the latter are necessary for consistent
estimation of the cross-talk kernels;;. ot

We will henceforth focus our attention on the case where all the

sources are identically distributed and the same (congéx) is used Fig. 1. PDF of the generalized Cauchy distribution for= 1, @ = 1.5
for all sources. The underlying QML estimator is consistent if (solid), @ = 2.5 (dashed), and, = 10 (dotted).

E*o"(s:)E*(cs)® > 1. (12)

In the more general case, the cross-talk consistency conditions impose IIl. THE GENERALIZED CAUCHY DISTRIBUTION

additional restriction on consistency of the QML estimator.
Let us consider a parametric family of distributions with the

We will now examine the consistency conditions of the estimators . .
y rameters:, » > 0, described by the following PDF:

obtained by choosing(s) according to (4) and (5). Whep'(s) = pa

|s|“sign(s), it can be shown that ) arl™ 34 sin (£)
p(s) = —Fma T
c = ((u+1)-EJspt)y /e m (|s|?@ + )
E(p”(s)(cs)2 = ulp+ 1)ttt E|s|“+1 (see Figure 1). The parameterinfluences the variance of. For

a = 1, one gets the Cauchy distribution; for this reason, this family of

" o pn—1 . p—1 X ; X ; X

Eo"(s) = plut1)e Els* distributions will be henceforth referred to as the generalized Cauchy

For x> 1, consistency condition (12) yields distribution.
1 It can be shown that the-th moment of|s| exists fora > 2%,
Ay = ﬂ —pu<0 (13) and is given by ’
* 7 Es? E|s|n! # '
In the particular case when= 3, the latter condition becomes, = E|s|? = 77 - csc ((p;il)ﬂ> sin <21> ,
k < 0, meaning that the estimator is consistent for sub-Gaussian a a
sources, and inconsistent for the super-Gaussian ones. where
Wheny'(s) = tanh(8s), the consistency condition (12) becomes csc r — .1
s T
" 2

As = 1-Eg'(s)-E(cs)” <0. (14) s the cosecant function. Particularly, the fourth order moment exists
In the case of a general, derivation of analytic expression df, is for a > 2.5 and the kurtosis excess is given by
complicated. However, in the limi — oo, ¢’(s) — sign(s), and . 57\ . o (37
©"(s) — 25(s). Hence, for a large, K(a) = csc (%) cse (7) s (%) —3

~+1/8 i i i i
Eo” 2 _ EL 22 ds ~ 0 x(a) is monotonically decreasing as a functionesofnd crosses zero
¢ (s)(cs) @ (s)(cs) b —1/8 sp(s) ds for a ~ 3.3567 (see Figure 2, solid). This means that the source is
. . +1/8 super-Gaussian fo2.5 < a < 3.3567, and sub-Gaussian far >
Eo'(s) = Eg(s) %ﬂ/ ) p(s) ds = 2p(0), 3.3567.
—1/8

For ¢’'(s) = tanh(83s), in the limit 3 — oo, the consistency

condition is given b
where ¢ is obtained by substituting’(cs)cs & sign(cs)es into g y

equation (6): A, = Els| _
1 i 2p(0)o2
Els|’ - csc (1) csc (E) sin 31 —-1<0,
. . . . 2a 2a a 2a
Therefore, the estimator is consistent if ) )
Els| and is valid fora > 1.5. Observe that
S
A, ~ —1_ _1<0. (15) dA, T T o (T o (T
N 2p(0)o% = aw (2res(3)) e ()% ()
In the limit 3 — oo, the latter condition is exact. where
1
sec =
COos T

1For example, the single-channel condition is responsible for the incon- . - - . .
sistency when the sources are Gaussian. In the latter case, (11) holds%tﬁh? secant function. _Slnce.the de.rlvatlv.emj W.r.t. a is strictly
equality for everyp(s) [12], leading to the well-known fact that GaussianPOSsitive, A, is monotonically increasing with. A, crosses zero at
sources can be restored up to a rotation matrix and an all-pass term.  a & 2.3379 (see Figure 2, dashed). This means that the corresponding
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Fig. 2. The value of A; as a function of a for different
QML estimators:y’ (s) = sign(s) (dashed),¢’(s) = |s|?sign(s) (dotted),
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Fig. 3.
¢’ (s) = tanh(Bs): 8 = 1 (dashed),3 = 10 (dotted), and3 — oo (solid).
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The value ofAs; as a function ofa for the QML estimator

@' (s) = |s|3sign(s) (solid), andy’(s) = |s|*sign(s) (dash-dotted). Kurtosis The estimator is consistent fax, < 0.

excesss corresponds ta\; is the casey’(s) = |s|®sign(s). The estimator
is consistent forAs < 0.

knowledge of whether the sources are super- or sub-Gaussian is

sufficient for construction of a consistent QML estimator.

We have examined the consistency conditions for two classes
of QML estimators, commonly used for super- and sub-Gaussian
sources in blind source separation and deconvolution problems.
The particular case of the generalized Cauchy distribution was
examined. It can be concluded that consistency does not always
correspond to the sign of kurtosis excess, which determines whether
the source is super- or sub-Gaussian. For example, the choice
©'(s) = tanh(Bs), which is commonly believed to be suitable

TABLE |

CONSISTENCY REGIONS OF DIFFERENQML ESTIMATORS
o' (s) Consistency region
tanh(s) 1.5 < a < 1.8666
tanh(10s) 1.5 < a < 1.9344
tanh(8s), B — oo 1.5 < a < 2.3379
|s|? sign(s) a>3
|s|® sign(s) a > 3.3567
|s|* sign(s) a > 3.7352

for super-Gaussian sources, is inconsistent for such sources. The
choice ¢’ (s) = |s|?sign(s), which is known to be suitable for sub-

Gaussian sources, is also suitable for some super-Gaussian sources
(whereina > 3). The choicey’(s) = |s|*sign(s), known to be
QML estimator is inconsistent for > 2.3379, particularly, the Suitable for sub-Gaussian sources, is inconsistent for some of such
estimator is asymptotically inconsistent for both super- and suBources (whereis.3567 < a < 3.7352). With the only exception of

Gaussian sourceg\; was also evaluated numerically fér= 1,10

¢'(s) =

|s|®sign(s), whose consistency is always determined by the

(see Figure 3). Consistency regions of the estimators are preserft Of kurtosis excess, other QML estimators require more delicate

in Table 1.
For ' (s) = |s|"sign(s), the consistency condition is given by

gt = (10200 (7))

csc M sin(wu>—u<0,
2a 2a

and is valid fora > 1 + p/2. Observe that
a7 (T t2) 2 2y
da = 22 csc ( % 2 + cos o csc o
T m(p+ 2 . (T
(2o (D)) (M ) (7))

Ay =

is negative fora > 14u/2 > 1.5 for everyp > 1, and consequently,

A, is monotonically decreasing, with zero crossing depending.on [2]
Consistency regions for some valuesyoére summarized in Table I,
and the values ofA; are plotted as a function af in Figure 2. Note
that for u = 3, consistency is fully determined by the sign of kurtosis[
excess. However, this is not true for other valueg.of

K

(4]
IV. CONCLUSION
An important element of an efficient QML blind deconvolution is [5]

the choice of the non linear functions;(s), which is conditioned,
among all, by consistency criteria. It is commonly believed that the

analysis in order to determine whether they are suitable or not for
estimation of super- or sub-Gaussian sources. Generally, the answer
is distribution-dependent. The main conclusion from this note is that
the non linear functiong;(s) should be chosen with more caution.
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