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Definition

Multidimensional scaling (MDS) refers to a family of techniques in data analysis that aim to realize a given matrix of dissimilarities D n×n (i.e., a distance
matrix), as n points in a k-dimensional Euclidean space:
Find X ∈ Rn×k such that kxi − xj k is as close as possible to dij ∀ij.
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Background

The various multidimensional scaling models can be broadly classified into metric vs. non-metric, and strain (classical scaling) vs. stress (distance scaling)
based MDS models. In metric MDS the goal is to maintain the distances in the
embedding space as close as possible to the given dissimilarities, while in nonmetric MDS only the order relations between the dissimilarities are important
(i.e., dij > dql ). Strain based MDS is an algebraic version of the problem that
can be solved by eigenvalue decomposition. Stress based MDS uses a geometric
distortion criterion which results in a non-linear and non-convex optimization
problem. Each of these models has its own merits and drawbacks, both numerically and application-wise. On top of these basic models there exist numerous generalizations, including embedding into non-Euclidean domains, working
with different stress models, working in different subspaces, and incorporating
machine learning approaches to obtain faster, more accurate and more robust
embeddings. The following sections will review these models, with emphasis on
their role in computer vision applications.
Historically, MDS first appeared (informally) in the works of Dutch cartographer Jacob van Langren in the 17th century who was the first to show a table
of distances alongside the map corresponding to these distances in a single figure [22]. The first modern version of MDS, called classical scaling, is due to
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Torgerson who used it within the field of Psychophysics [41]. Later works by
Shepard [39] and Kruskal [27, 28] formulated the problem as a minimization over
a stress function, and introduced the first non-metric MDS model. A complete
historical review can be found in [42]. A short review of the role of MDS in
computer vision is given in Section 4.

3
3.1
3.1.1

Theory
Metric multidimensional scaling
Strain based scaling (classical scaling)

The Euclidean case. Let D n×n be a (symmetric) matrix of pairwise Euclidean distances between n points {yi }ni=1 in Rm , and denote by E the matrix
whose entries are the squares of these distances, i.e., eij = d2ij ≡ kyi − yj k2 . We
have
E = 1c> + c1> − 2Y Y >
(1)
where c is a vector containing the diagonal elements of Y Y > . Assuming n >
m + 2, from (1) we have that the rank of E is m + 2 [21]. Our goal is to find
a set of points {xi }ni=1 in Rk such that kxi − xj k2 ≈ eij . Let H ≡ I − n1 11T
denote a centering matrix, i.e., multiplying a vector by this matrix results in a
vector with zero mean. Applying H on both sides of a matrix is called a double
centering transform, and results in a matrix whose mean along both columns
>
and rows is zero. Since H1 = 1> H = 0, we get that
1
K ≡ − HEH = HY Y > H
2

(2)

is a positive semi-definite Gram matrix of rank m. Classical (multidimensional)
scaling aims at minimizing the following distortion criterion called strain
min Strain (X) ≡

X∈Rn×k

min

X∈Rn×k

XX > − K

2
F

,

(3)

which amounts to finding the closest symmetric positive semi-definite matrix of
rank k ≤ m to the matrix K. Let K = V ΛV > be the spectral decomposition
of K. The solution of (3) is given by
1

X ? = Vk Λk2

(4)
1

where Vk denotes the first k columns of V , and Λk2 denotes a k ×k diagonal matrix whose diagonal elements are the largest k eigenvalues of K. The distortion
can be quantified by summing over the smallest m − k eigenvalues:
Strain (X ? ) =

m
X
i=k+1

3

λ2i .

(5)

Note that

1
1
1
E11> − 11> E + 2 1> E1
(6)
n
n
n
i.e., performing a double-centering transform does not require multiplication by
a centering matrix on both sides, but rather can be done efficiently by subtracting the mean from each row and column and then adding back the mean of the
entire matrix.
HEH = E −

The non-Euclidean case. The above derivation assumed that the matrix D
is a matrix of Euclidean distances. In real applications, this matrix represents
a set of dissimilarities which might not be Euclidean distances or not even distances at all. A classical example is that of the perceptual distances between
the RGB color channels in a digital image, as conceived by the human eye. A
small change in the green channel is more noticeable than a similar change in
the blue channel due to the eye’s higher sensitivity to green. In these cases,
there is no guarantee that the matrix K defined in (2) will be PSD, or even
that it has k positive eigenvalues, as required by (4).

Numerical considerations. Despite (3) being a non-convex optimization
problem, it enjoys a global solution in the form of an eigendecomposition. Nevertheless, it suffers from a few drawbacks:
• Classical scaling may ne impossible to obtain in case D is not a Euclidean
distance matrix.
• Eigendecomposition techniques are expensive to apply and require the
availability of the complete matrix D, which may be time consuming to
obtain in the best case, or impossible to obtain in the worst case.
• Classical scaling is very sensitive to outliers due to the double centering
transform (2), which spreads the effect of a single outlier to the rest of the
points in the same row/column.
• The strain distortion criterion relies on algebraic manipulations and lacks
a geometric interpretation. This sometimes results in inferior embeddings
(see for example [20]).
These drawbacks require the introduction of different MDS models and more
delicate optimization methods. For example, iterative methods can be used for
strain minimization, which allow the introduction of weights to handle missing
entries in D [16], at the expense of the global convergence guarantees. Some of
these approaches will be outlined in Section 3.4.
3.1.2

Stress based scaling (distance scaling)

As an alternative to strain minimization, consider the following non-linear optimization problem
4

min

X∈Rn×k

σ(X) ≡

min

X∈Rn×k

X

2

wij (kxi − xj k − dij ) .

(7)

i<j

Here dij is a (symmetric) measure of dissimilarity between two sample points i
and j; wij ≥ 0 is a (symmetric) weight assigned to the pairwise term between
those samples. The term σ(X) is called Kruskal stress, LS-stress, `2 -stress, or
simply stress.
One efficient way to solve (7) is via the SMACOF algorithm [18]. First, note
that

 X
σ(X) = Tr X > V X − 2 Tr X > B(X)X +
wij d2ij ,
(8)
i<j

where V and B(X) are symmetric row-and-column-centered matrices given by
(
−wij
i 6= j
vij = P
(9)
w
i=j
k6=i ik

−1

−wij dij kxi − xj k
bij = 0

 P
− k6=i bik

i 6= j, xi =
6 xj
i 6= j, xi = xj
i = j,

(10)

X

(11)

and define
h(X, Z) = Tr(X > V X) − 2 Tr(Z > B(Z)X) +

wij d2ij ,

i<j

which is a convex (quadratic) function in X for a given Z. By using the CauchySchwarz inequality, it is possible to show that h(X) is a majorizing function of
σ(X), i.e., satisfying (see [14])
h(X, Z) ≥ σ(X)

∀X, Z

h(X, X) = σ(X).

(12a)
(12b)

We now define the following iteration
Xk+1 = argmin h(X, Xk ) = V + Bk Xk ,
X

(13)

where Bk ≡ B(Xk ), and V + denotes the pseudo-inverse of the rank deficient
matrix V . By virtue of (12) and (13) it follows that
σ(Xk+1 ) ≤ h(Xk+1 , Xk ) ≤ h(Xk , Xk ) = σ(Xk ),

(14)

i.e., (13) is guaranteed to produce a sequence of monotonically non-increasing
stress values.
The multiplicative update (13) suggests that at each iteration, each coordinate in the current embedding is a weighted mean of the coordinates of the
embedding from the previous iteration, starting with an initial embedding X0 ,
where the weights are given by the ratio of the pairwise distances, dij kxi −xj k−1 .
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Figure 1: Top - a few examples of 28 × 28 images of handwritten digits from the
MNIST dataset [1]. Bottom - embeddings in R3 of Euclidean distances between
2000 MNIST digits using classical scaling (left) and distance scaling (right).
Numerical considerations. Each iteration (13) of SMACOF requires the
computation of the pairwise Euclidean distances between all points in the current embedding, a task of complexity O(n2 ), and the solution of a linear system
involving the matrix V . Despite being rank deficient, V is not necessarily
sparse, and computing its pseudo-inverse is of order O(n3 ), except when V has
a special form. For example, in case all the weights wij are equal to 1, we get


1
1
V+=
I − 11> ,
(15)
n
n
and since 1> B = 0, (13) reduces to
Xk+1 =

3.2

1
Bk Xk .
n

(16)

Non-metric MDS

In non-metric MDS (nMDS), also called ordinal MDS, the goal is to preserve
(as-best-as-possible) the rank-order of the distances in the embedding space
6

rather than their value. For example, for any four points i, j, q, l satisfying
dij > dql the goal is to find an embedding such that kxi − xj k > kxq − xl k. It is
always possible to find an order preserving embedding of D, using the following
methodology [7]: Due to (2), the following relation holds between the elements
of K and E
eij = kii + kjj − 2kij .
(17)
The matrix
K 0 = K − min (λmin (K) , 0) I

(18)

is always positive semi-definite, and can therefore be decomposed as K 0 =
XX > . We have
0
0
0
kxi − xj k2 = kii
+ kjj
− 2kij

= kii − min (λmin (K) , 0) + kjj − min (λmin (K) , 0) − 2kij

(19)

= eij − 2 min (λmin (K) , 0) .
Thus, X is a Euclidean embedding of E with all entries shifted by a constant
factor 2 min (λmin (K) , 0), and thus all relative comparisons are preserved.
Despite this nice theoretical result, it may not serve as a practical algorithm
since it usually results in high dimensional embeddings. For a more practical
approach, we model the nMDS problem with the following distortion function,
the Shepard-Kruskal stress, also called stress-1
P
σ1 (X) = min
θ

i<j

2

(kxi − xj k − θ(dij ))
P
,
i<j kxi − xj k

(20)

where θ(·) denotes an arbitrary monotonic transformation. Other definitions of
non-metric stress functions exist. This model makes sense, for example, in Psychophysics, where the dissimilarities represent perceptual differences and their
value is therefore rather arbitrary. The straight-forward way for minimizing
(20) is by alternate minimization:
1. Fix θ and solve for X, e.g., with gradient descent.
2. Minimize over θ using isotonic regression.
It is also possible to combine non-metric MDS with a strain based models,
although it is quite unusual [16].
Numerical considerations
• Since (20) is not convex in X, the first step may get caught in local
minima.
• The above approach requires order relations between all pairs of points.
These order relations might be contradictory, as they often come from
human observations.
These problems can be addressed by a generalized nMDS scheme [7].
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3.3

Acceleration schemes

The algorithms discussed above scale poorly due to slow convergence rate and
quantities that require long computation times and large memory requirements.
For example, the complexity of eigenvalue decomposition, as required by the
classical scaling algorithm, is in general O(n3 ). Computing a Euclidean pairwisedistance matrix between n points, as required in (10), takes O(n2 ). Moreover,
the SMACOF algorithm (13), being a first order optimization method, requires
hundreds to thousands of iterations to converge. In order to accelerate MDS
algorithms one can resort to two different strategies: numerical acceleration and
approximation. In the first, dedicated optimization techniques are used in order
to obtain faster convergence rates, without compromising the accuracy of the
embedding. In the latter, a small compromise is allowed in order to achieve
drastic savings in computation time and memory. These two approaches are often used in conjunction, where an approximated solution is successively refined
as part of a larger numerical scheme.
In [25], Newton’s method was explored as an alternative to the SMACOF
algorithm for the minimization of (7). While the number of iterations until
convergence drops dramatically, the cost per iteration becomes prohibitive for
even moderate values of n, making second order methods impractical. Several
works [19, 15, 10] propose to split the MDS problem into several sub-problems
(”resolutions” or ”scales”) by embedding only a subset of carefully chosen points.
The coarse embedding obtained from this sample set is then interpolated and
refined. One can distinguish between multiresolution and multigrid approaches.
The first solves each sub-problem independently before advancing to the next,
while the second takes into account the higher-resolution sub-problem already
when solving the lower-resolution one. Such a multigrid algorithm for MDS was
described in [15]. The setting requires the availability of an additional structure,
namely a discrete manifold that can be manipulated to obtain distances between
points in different scales. Specially constructed decimation and interpolation
operators allow moving between scales, but since these are ad-hoc constructions
they are hard to generalize for different manifolds. A spectral approach was
described in [10] which achieves better performance and generalizes easily across
manifolds.
Another form of numerical acceleration relies on vector extrapolation techniques [40]. These techniques try to extrapolate the next iteration based on a
few previous iterations, often leading to substantial acceleration at a very modest cost of some extra computations per iteration. [34] suggested to use the
reduced rank extrapolation (RRE) variant in order to accelerate the SMACOF
iteration for distance scaling. This technique indeed increases the convergence
rate, but a few iterations of the full problem are still required in order to produce an expressible subspace of search directions. Being a meta-algorithm, it
can be used together with other acceleration techniques. For more details see
[14].
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Subspace methods. Subspace methods restrict some of the quantities appearing in the MDS algorithms to a lower-dimensional linear subspace, thus
achieving significant improvement in computation time. This reduced complexity is often traded for larger embedding distortion, but one has to keep in mind
that the sought Euclidean embedding is usually just an intermediate step within
some larger task which may overall benefit from this kind of implicit regularization. The different subspaces used vary between ad-hoc and algebraic to
geometric constructions. Indeed, the MDS algorithms described above rely only
on the provided dissimilarity matrix and completely ignore to the way these dissimilarities were obtained. For example, if these dissimilarities were obtained by
measuring geodesic distances between points on a manifold M, having access
to this manifold opens up the possibility to refine the embedding by incorporating the local manifold structure into the optimization problem. A key tool
in these techniques is the Laplace-Beltrami operator (LBO), an analogue of the
Euclidean Laplacian for manifolds. In the discrete setting, this operator is given
by L = A−1 W , where A is a diagonal matrix with positive entries called mass
matrix, and W is a symmetric positive semi-definite matrix whose rows and
columns sum to zero, called stiffness matrix. These matrices are obtained from
the discrete version of the manifold, for example - by the well known cotangent scheme [33]. The spectrum of the Laplacian can be obtained by solving
the generalized eigenvalue problem W φ = λAφ. The matrices containing the
eigenvalues and eigenvectors of L shall be henceforth denoted by Λ and Φ.
These act as non-Euclidean counterparts of ”frequencies” and ”Fourier basis”,
correspondingly.
Subspace approaches for classical scaling can be used to interpolate the dissimilarity matrix D from only a few entries dij i, j ∈ I, as a preliminary stage
to the standard classical scaling algorithm. [6] proposed to perform the interpolation by minimizing the Dirichlet energy


EDirichlet (D) ≡ h∇D, ∇DiM = Tr D > W DA + Tr DW D > A , (21)
where h·, ·iM denotes an inner product computed on the manifold. This kind of
energy function is frequently used in computer vision as a means of promoting
”smoothness” of signals. Representing D in the LBO eigenspace Φ,
D = ΦαΦ>
leads to the following optimization problem



min Tr α> Λα + Tr αΛα> s.t. ΦαΦ> ij = dij , ∀i, j ∈ I.
α

(22)

(23)

In practice, since D is a smooth function on M, the subspace Φ can be truncated, leading to drastic savings in computation time. The choice of this particular subspace is due to it being optimal for the interpolation of functions with
bounded gradient norm on manifolds [4]. The combination of (21) together with
(22) gives an additional benefit: the Hessian of (21) is diagonalized by Φ, leading to a simpler optimization problem. The hard constraints in (23) can also be
9

replaced by a penalty, leading to an even simpler problem that can be solved
in closed form. The use of (22) in the classical scaling algorithm from Section
3.1.1 has been called spectral MDS [6]. A similar work suggested to work in the
spatial domain, and use bi-Laplacian smoothing instead of the Dirichlet energy,
leading to smoother and more accurate interpolations [35].
One prominent drawback of the spectral MDS framework is that the savings
in time for distance computation due to the subspace representation do not
translate to savings in computation time of the Euclidean embedding. Another
drawback is that while the LBO eigenbasis is optimal for the interpolation of
smooth functions, something better can be done when interpolating a particular
function, for example - by using a basis extracted from the data itself. [38]
proposed to use q  n linearly independent columns of the squared-Euclidean
distance matrix E, encoded as a matrix F n×q , and find a matrix M q×n such
that

1
F M + M >F > .
(24)
E≈
2
Recall that in the Euclidean case, the rank of E is m + 2 where m is the
dimension of the original Euclidean space, therefore such a decomposition is
possible without error, assuming q ≥ m + 2. In the non-Euclidean case, E can
still be approximated as a low-rank matrix with small error. [38] proposed to do
so using the Nyström method, a standard numerical technique for interpolation.
A key advantage of working directly on E instead of D is that one can perform
classical scaling while keeping E in factorized form (24) saving both memory
and time. For more details, see [37, 38].
Subspace approaches for distance scaling (i.e., stress based) restrict the embedding coordinates X, or rather the displacement field δ ≡ X − X0 , to some
linear subspace Φ ∈ Rn×p , i.e., δ = Φα. In [10], the SMACOF iteration (13)
was reformulated to the case where δ is modeled as a p-bandlimited signal on
some manifold M0 , i.e., it can be approximated by a linear combination of the
first p eigenvectors of the Laplace-Beltrami operator. This is justified by the
fact that since we are looking for a distance preserving embedding, δ should be
smooth in the sense that close points on M0 should remain close on the final
embedding. The new update step in terms of α is given by
+
αk+1 = Φ> V Φ Φ> (Bk Xk − V X0 ) ,
(25)
where Xk+1 = X0 + Φαk+1 . Drawing analogy from the famous noble identity
(Figure 2), it turns out to be enough to embed a subset of q ≈ 2p  n points
to obtain the coefficients α,
+
αk+1 = Φ> S > V s SΦ Φ> S > (B s k SXk − V s SX0 ) ,
(26)
where V s , B s are the matrices defined in (9),(10) constructed only from the q
sampled points, and S is a sampling matrix. The final embedding is obtained
by X∗ = X0 + Φα∗ . The entire procedure is called spectral SMACOF. A single iteration of (26) consist of two steps: Majorization - the construction of
B s (Xk ), which requires O(q 2 ) operations; and Minimization - the solution of
10

Figure 2: The noble identity states the conditions under which the order of
downsampling and linear filtering can be exchanged in the Euclidean case. While
the order can always be exchanged in the ⇒ direction, the exchange in the ⇐
direction is only possible if the filter has a special form: h[n] = 0 ∀n : bn/M c ∈
/ Z.

(26), which in general requires O(p3 ) for the computation of (Φ> S > V s SΦ)+ in
the first iteration, and O(p2 ) operations in the succeeding iterations. A similar
approach was carried in [29] using a subspace constructed from the data, akin
to PCA, for the purpose of visualizing multidimensional images. These modifications drastically reduce the computation time of the embedding, and allow
the application of distance scaling to large scale problems or within iterative
procedures that require multiple applications of the SMACOF algorithm.
Finally, it is possible to use a non-linear parametric model for the embedding, fΘ (x) : Rm → Rk , where Θ is a set of model parameters, whose number
is much smaller than n. For example, [32] finds such a parametric mapping by
training a neural-network to minimize the following loss
X
2
L(Θ) =
(kfΘ (xi ) − fΘ (xj )k − dij ) .
(27)
i>j

Embeddings found by such a non-linear parametric model result in smaller metric distortion per number of embedded points compared to their linear counterparts.

3.4

Generalizations

The literature on MDS is extensive, and along the years there have been generalizations of the basic schemes and algorithms in many ways. In this section
we review a few of these generalizations, focusing on those oriented towards
computer vision applications.
3.4.1

Variations on the stress theme

Robust classical scaling. As mentioned in Section 3.1.1, the double centering transform (2) makes the embedding produced by classical scaling very
sensitive to outliers in the distance matrix. Moreover, if D is not a Euclidean
distance matrix, (2) might not be positive semi-definite. To cope with these
problems, a robust MDS model was proposed by [17]. Note that the following transformation applied to a PSD matrix K produces a squared-Euclidean
distance matrix (see also (17)):
dist(K)ij = kii + kjj − 2kij .

11

(28)

Figure 3: Runtime comparison between different numerical schemes for minimizing (7). The matrix D contains geodesic distances computed on the homer
shape between 5103 points. The algorithms compared are the original SMACOF algorithm [18], an RRE vector extrapolation acceleration method [34] and
spectral SMACOF [10]. By embedding only 200 points and extrapolating to the
rest using the Lapalce-Beltrami eigenbasis (the green line), we achieve significant
speedup compared to the other methods. The blue line represents additional
SMACOF iterations at full resolution. The figures on the right are the original shape (top), and the results of spectral SMACOF (bottom-left) and regular
SMACOF (bottom-right).
Consider the following optimization problem
(
min kE − dist (K) k1 s.t.

K∈Rn×n

K0
rank (K) ≤ k.

(29)

(28) is a form of robust projection of the matrix E onto the set of matrices
whose double-centering transform is PSD with rank at most k. The `1 norm
handles the sparse set of outliers whereas the constraints make sure that the
obtained matrix is embeddable into a k-dimensional Euclidean space. Once the
solution is obtained, dist(K) can be represented as XX > as in the standard
classical scaling algorithm.
Problem (28) can be solved by sub-gradient or interior point methods [17],
or by combining the alternating direction method of multipliers (ADMM) with
manifold optimization techniques [26]. The latter results in an efficient and simple algorithm that converges fast and scales well. To summarize this algorithm,
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we first introduce an auxiliary variable Z and rewrite (28) as follows:


 K0
min kZk1 s.t.
rank (K) ≤ k
K,Z


Z = E − dist (K) .

(30)

Introducing a (scaled) Lagrange multiplier U and a scalar µ, this problem can
in turn be written in Lagrangian form
(
K0
µ
2
min kZk1 + kZ − E + dist (K) + U kF s.t.
(31)
K,Z
2
rank (K) ≤ k.
Now the standard ADMM method [12] can be invoked:
(
2

Kk+1 = argmin kZk − E + dist (K) + Uk kF s.t.
K

K0
rank (K) ≤ k

µ
2
kZ − E + dist (Kk+1 ) + Uk kF
2
Z
= Uk + (Zk+1 − E + dist(Kk+1 ))

(32a)

Zk+1 = argmin kZk1 +

(32b)

Uk+1

(32c)

where the optimization over B can be carried out using manifold optimization
techniques [3, 9], and the optimization over Z is an unconstrained non-smooth
optimization problem which has a closed form solution using the shrinkage operator Tα (x) = (|x| − α)+ sign(x)
Zk+1 = T µ1 (E − dist(Kk+1 ) − U ) .

(33)

Robust distance scaling. While the least-squares stress function defined in
(7) is the most common one, it exhibits similar shortcomings to those often
encountered when using the `2 norm in regression problems: the quality of the
solution deteriorates quickly with any additional outlier added to the dataset.
In order to cope with outliers, one can replace the `2 stress defined in (7) with
a more robust version, say - the `1 stress
X
σ`1 (X) =
wij |kxi − xj k − dij | .
(34)
i<j

One simple heuristic algorithm for the minimization of (34), and in fact - of any
other function of the form
X
σρ (X) =
ρ (kxi − xj k − dij )
(35)
i<j

is the iteratively reweighted least squares (IRLS) algorithm. The algorithm follows from a comparison between the sufficient condition of optimality for minimizing (7)
X
∇σ(X) =
2wij (kxi − xj k − dij ) ∇X (kxi − xj k) = 0
(36)
i<j
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and (35)
∇σρ (X) =

X

ρ0 (kxi − xj k − dij ) ∇X (kxi − xj k) = 0.

(37)

i<j

By setting the weights in (36) to

ρ0 kx∗i − x∗j k − dij

wij =
2 kx∗i − x∗j k − dij

(38)

we get an equivalent LS-MDS problem to (35). The IRLS algorithm works by
solving a series of LS-MDS problems with iteratively updated weights:
1. set
k
wij


ρ0 kxki − xkj k − dij

=
2 kxki − xkj k − dij

(39)

2. solve
Xk+1 = argmin
X

X

2

k
wij
(kxi − xj k − dij ) .

(40)

ij

Another way to generalize distance scaling is by adding a regularization
term, weighted by some constant µ > 0, to the LS-stress
min σ(X) + µR(X).
X

(41)

This regularization term can help reject outliers, drive the embedding towards
a favorable configuration or promote any other property that we want the embedding to manifest. Assuming the regularization function R(X) is convex, a
small variant of the SMACOF iteration described in Section 3.1.2 can be used
in order to minimize the regularized stress. Instead of using the majorizing
function h(X, Z) defined in (11), we shall use h(X, Z) + µR(X). The update
step (13) now requires the solution of a convex optimization problem
Xk+1 = argmin h(X, Xk ) + µR(X).

(42)

X

3.4.2

Non-Euclidean embeddings

We shall conclude the section by reviewing a few schemes that consider embeddings to domains other than Rk . The simplest choice of a non-Euclidean domain
is a k-dimensional unit sphere S m = {Z ∈ Rk+1 : kzk2 = 1}. Embedding into a
sphere can be formulated as follows (using the LS-stress)
X
2
min
wij (dS m (zi , zj ) − dij ) s.t. kzq k = 1 ∀q,
(43)
Z

i<j

and can be solved by parametrizing z in spherical coordinates and using gradient
descent. Embedding into a sphere with a different radius r amounts to scaling
the dissimilarities by 1/r.
14

[13] introduced generalized MDS (GMDS) - an algorithm for isometric embedding of one Riemannian manifold into another. The algorithm works as
follows: given two such manifolds X , Y, discretized as triangular meshes, we
compute the geodesic distances between all pairs of vertices on each of the
meshes - DX ,DY . These distances can be used to interpolate the distance
between any two points on the faces of the meshes. The embedding of one
manifold into the other is represented in barycentric coordinates U n×3 , and the
generalized stress
X
σGM DS (U ) =
kdX (ui , uj ) − dY ij k2
(44)
i<j

is minimized using gradient descent, subject to U 1 = 1. A spectral version of
GMDS is developed in [5], following the spectral MDS algorithm [6].
Another form of non-Euclidean embedding is given in [36], who suggested
to decompose the distance matrix D into XX > . Since D is symmetric, such a
decomposition is always possible, based on the spectral decomposition of D
D = U ΛD U > .

(45)

1

2
is an embedding of D into the complex domain Cn without error.
X ≡ U ΛD
Since most of the eigenvalues of D are of small magnitude [21], the metric
distortion introduced by truncating the eigen-expansion is small, leading to
highly accurate embeddings at the cost of working in the complex domain.

4

Applications

Multidimensional Scaling (MDS) is one of the most popular methods in data
analysis, and it would be impossible to provide a complete set of applications
in this short review. We will focus on a few applications of MDS in computer
vision. Some of these applications are also detailed in Figure 4.
The main use of MDS algorithms is for dimensionality reduction. It is popularly used for visualization of high dimensional signals by embedding their
dissimilarities into 2 or 3-dimensional Euclidean spaces. For example, [29] uses
it to visualize multidimensional images, and [31] explores multiples visualization
techniques on the MNIST dataset of handwritten digits [1] (Figure 1). Apart
from visualization, low dimensional isometric embedding is used as a pre-process
for algorithms that rely on Euclidean distances. Many classical image processing
and computer vision algorithms have been developed to work on RGB color images. A simple way to adapt these algorithms to be used with high-dimensional
features is to embed these features into a 3-dimensional Euclidean space, represented as a color image. For example, [30] uses MDS to embed features that
integrate local color and gradient value distribution, and [24] uses it to embed
the co-occurrence statistics of pixels in an image (Figure 4a). These embeddings
are later used in classical segmentation and optical flow estimation algorithms.
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Other image processing tasks such as image retargetting can be carried out efficiently with the subspace version of MDS [11], where the idea is to re-scale an
image in a way that preserves distances in the salient regions, and concentrate
the distortions in other parts, while preventing flip-overs.
In the field of geometry processing, MDS found applications in tasks such as
texture mapping [43], shape analysis [20] and shape synthesis [8]. Classification
of surfaces that is invariant to isometric transformation is achieved by embedding the surfaces to a Euclidean domain, creating for each surface a ”canonical
form” (Figure 4b). These canonical forms can be aligned with a rigid transformation, and a threshold on the alignment mismatch rules weather two shapes
belong to the same class or not. This idea has been carried out using multiple
versions of the MDS algorithms [20, 6, 35, 38, 36]. Alternatively, the generalized
MDS scheme (44) [13] or its spectral version [5] can compare two surfaces directly, without passing through an intermediate embedding space. More recent
works [23] use the GMDS cost (44) as a loss-function of a neural network that is
trained in an unsupervised way to find optimal descriptors for shape matching.
In [8], MDS was used as part of the surface-from-operator problem. MDS
plays a part in reconstructing a surface from its discrete metric, i.e., the lengths
of the edges of the polygons comprising the mesh.
[7] developed a generalized non-metric MDS model, able to cope with missing
and contradictory data, and used it for visualizing dissimilarities between reflectance maps of objects (Figure 4c). Since non-metric MDS models are mostly
used to perform perceptual embeddings, they are rarely used in computer vision
applications. Nevertheless, there is a great potential for using them in problems
that rely only on rank-order of dissimilarities such as correspondence problems
between non-isometric shapes.

5

Open Problems

One of the big and presently unsatisfactorily solved problems related to MDS
methods is out-of-sample extension. We believe that more research into the use
of modern machine learning tools, in particular, deep learning could bring new
efficient solutions to this problem.
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Figure 4: Applications of MDS in computer vision. (a) Template matching. The
template on the left is found in the image on the right with Lucas-Kanade optical
flow. Using an embedded image of co-occurence scores (right) outperforms the
matching obtained with the regular RGB image (left). Image© taken from
[24] with permission of the authors. (b) Canonical forms. Embedding the
geodesic metric computed on the four approximately isometric horses on top,
results in canonical representations of these shapes (bottom), related to each
other by a rigid transformation [20, 35, 14]. The horse shape is taken from
[2]. (c) Perceptual embedding of BRDF maps (i.e., governing the reflectance
properties of a surface) using generalized non-metric MDS. Image© taken from
[7] with permission of the authors. (d). A 3-dimensional embedding of the
camera pose manifold (images of the same object taken with different elevation
and azimuth) from a small subset of distances using a machine learning based
non-linear parametric MDS model [32]. Image courtesy of the authors.
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